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Achieving greater engine efficiency by increasing gas temperatures is a key challenge set by the European
Commission for the aerospace industry by 2050. However, traditional metal alloys may fail under
such extreme conditions. Ceramic matrix composites (CMCs) have emerged as a promising alternative,
particularly short-fibre CMCs, which offer enhanced performance in components with complex geometries.
This paper presents a novel computational framework to predict the fracture toughness of short-fibre
CMCs based on the Coupled Criterion approach. The influence of various composite parameters has been
systematically analysed and validated against existing experimental data, demonstrating the model’s
reliability and potential as a robust design tool for next-generation aerospace applications.
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Introduction

In 2019, the European Commission introduced the European Green Deal, setting ambitious
targets to achieve net-zero greenhouse gas emissions by 2050 (European Commission 2019).
In response, the aerospace industry has focused on reducing aircraft weight and improving
engine efficiency. A key strategy to achieve these goals involves increasing the operating gas
temperature from approximately 1700 °C to a target of more than 2000 °C, whereas current
metallic alloys used for the gas turbine engine cannot resist a temperature higher than 1300 °C as
indicated in (Legerstee 2022). This limitation can be partially addressed through thermal barrier
coatings and cooling techniques, although it cannot be completely overcome. This substantial
temperature rise presents both challenges and opportunities for material development and
engineering innovation.

To achieve this objective, a transition from conventional metal alloys in aircraft engines is
essential, as these materials would be unable to perform effectively at the proposed temperatures,
even with the application of advanced thermal barrier coatings. Ceramics present a compelling
alternative, offering numerous advantages such as low density and exceptional refractory
properties, while maintaining mechanical strength at elevated temperatures. Moreover, ceramic
matrix composites (CMCs) offer a distinct advantage by enhancing fracture toughness while
retaining high thermal stability, low density, and chemical inertness, as explained in (Donald and
McMillan 1976). Consequently, they were identified two decades ago as a key material system
for improving the thrust-to-weight ratio of high-performance aircraft engines, as indicated
in (Ohnabe et al. 1999). Their applications extend beyond aviation, encompassing diverse
industrial sectors such as telecommunications, modern electronics, photonics, multifunctional
sensors, thermal engines and military technologies, see (Dhanasekar et al. 2022). In addition,
it was established that the fracture toughness of the CMCs can be enhanced by introducing
weak interfaces between the fibre and the matrix. Then, Martin et al. 1998; Martin et al. 2001
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considered crack deflection mechanism at the interface between fibre and matrix as a principal
toughening mechanism of the CMCs. This mechanism of microscale cracking in the CMCs was
further investigated by many other researchers, see (Gavalda-Diaz et al. 2025) for a recent critical
review. While many of these applications predominantly employ long-fibre CMCs, short-fibre
CMC:s offer an optimal solution for components with complex geometries, such as high-pressure
turbine blades. In 2022, a short-fibre CMC was characterised both numerically and experimentally
in (Legerstee 2022) as a candidate for the next generation of turbine blades. While the study
estimated nearly all the mechanical properties of this material, the fracture toughness of the
composite was not numerically analysed, despite its critical importance.

On the other hand, the Coupled Criterion (CC) is a fracture mechanics approach used to
predict crack nucleation and initial propagation. In recent years, it has gained recognition for
its application to ceramic materials. This method has been applied to describe the concept
of tensile strength in polycrystalline ceramics, see (Martin et al. 2018), introducing a novel
definition of “inherent” tensile strength applied in numerical models, as described in (Leguillon
et al. 2018). Moreover, Jiménez-Alfaro and Leguillon (2021) explained how the CC approach has
showecased its versatility in capturing fracture behavior across multiple scales, with noteworthy
applications in nacre-like alumina materials, see (Doitrand et al. 2020; Duminy et al. 2023). The
CC has also been effectively applied in evaluating the influence of notch radius on fracture
toughness in (Picard et al. 2006). Significant progress has been achieved in applying the CC
approach to layered ceramics, see (Sevecek et al. 2016), addressing key phenomena such as
internal compressive stresses in (Leguillon et al. 2015), edge and tunneling crack formation
in (Papsik et al. 2023), and thermal shock damage in (Papsik et al. 2024), among others. Recently,
Jiménez-Alfaro and Leguillon (2022) developed a novel computational framework, integrating
the Coupled Criterion with the Matched Asymptotics (MA) approach to predict the apparent
fracture toughness of glass matrices reinforced with alumina platelets. This innovative model was
extended in (Jiménez-Alfaro and Leguillon 2023) to account for the effects of residual stresses and
composite volume fraction, offering a more comprehensive understanding of fracture behavior in
these materials.

Other experimental and theoretical studies have been applied for explaining the crack path in
ceramic matrix composites. Martin et al. (1998) applied an energy criterion for predicting a crack
deflection at the fibre-matrix interface. Barsoum et al. (1992) investigated the relationship between
microstructural factors and matrix cracking initiation stress in fibre-reinforced ceramic matrix
composites. However, the exact process by which these evolve into a macroscopic, fibre-bridged
crack remained unresolved.

In this context, this paper aims to apply the Coupled Criterion to estimate the apparent
fracture toughness of short-fibre CMCs and to present the predominant toughening mechanisms
as a function of the geometrical parameters in the composite. A key aspect of the computational
framework developed in this study is its ability to account for the influence of fibre interactions
on crack propagation. The paper is organized as follows: Section 2 provides a comprehensive
description of the Coupled Criterion. Section 3 details the material properties and the case study
applied to illustrate the computational methodology. The main results, including a comparison of
numerical predictions with existing experimental data, are presented and discussed in Section 4.
Finally, Section 5 summarizes the principal conclusions drawn from this study.

2 The Coupled Criterion

The Coupled Criterion (CC) model enables the prediction of crack nucleation in brittle materials.
This criterion is supported by prior experiments on transverse cracking in cross-ply laminates,
see (Wei3graeber et al. 2016). According to the CC model first introduced in (Leguillon 2002), two
necessary conditions, when met together, are sufficient to predict crack nucleation, as fracture
occurs when both are simultaneously satisfied: (i) an energy condition, based on an energy
balance, and (ii) a stress condition. In (Jiménez-Alfaro and Leguillon 2023), the two conditions of
the CC are summarized considering a structure with N different materials for a 2D case. First, the
stress condition is written as a function of the tensile stress o(s) prior to any crack extension, i.e.,
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the stress component in the normal direction n highlighted in Figure 1:

o)
oc(s)
where s denotes the coordinate along the expected crack path, see Figure 1, and 6! is the newly

created crack length. The function o, (s) describes the tensile strength along the expected crack
path 0 < s < 41,

G = 0<s <l (1)

N
oe(s) = Y ol [H(s = 8197D) = H(s - 81D)], (2)

i=1
H being the Heaviside function and §1®) = 0.

Figure 1 Expected crack path in a specimen with a heterogeneous T T T T T T T T T T T T T
structure made of two materials A and B.
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The energy condition for a newly created crack length 6/ is written in a heterogenous
structure as

AIL, (81)
inc = _T’ (3)
and therefore
Ginc
—_—> (4)
G.(8])

where AII, (61) is the difference in potential energy between the initial state prior to any crack
extension and the final state when a crack of length 51 is generated AIL,, (1) = I1,(81) — I1,(0).
The function G.(81) describes the critical energy release rate along the expected crack path,

e

(5)
51D being the crack length associated with material (i). Hence, the minimum admissible load for
which both Equations (1) and (4) are satisfied determines the crack onset. This, in turn, defines
the nucleation length, 6l , which represents the initial crack jump upon nucleation, within the
framework of Finite Fracture Mechanics.

3 Computational framework to estimate the fracture toughness in
CMCs

This section presents the computational tool employed to numerically assess the fracture
toughness of short fibre ceramic matrix composites (CMCs). Section 3.1 provides an overview of
the material properties used, alongside the experimental determination of fracture toughness.
Section 3.2 outlines the applied methodology, which utilises the Matched Asymptotics technique
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Table 1

to derive the solution in the vicinity of the crack tip under Mode I loading conditions. This
solution is then linked to the composite’s fracture toughness through the Coupled Criterion. The
proposed tool significantly reduces the computational cost associated with such problems, where
fine mesh resolution is necessary to accurately capture the behaviour in the region surrounding
the small-scale constituents of the matrix (the short fibres).

Material

This paper examines two ceramic matrix composites (CMCs) reinforced with short fibres, both
of which have been numerically and experimentally characterised in (Legerstee 2022). The
first CMC (named in the text as Material 1) features a matrix composed of TiSi, and MoSi,.
Notably, MoSi, undergoes a striking transformation from brittle behaviour at low temperatures
to ductile behaviour at elevated temperatures (around 900 °C), making it an ideal candidate for
high-pressure turbine blade applications. Complementing this, TiSi, is strategically incorporated
to counteract the oxidation of MoSi; in air — a well-known degradation phenomenon termed
“pest”. The composite is further reinforced with silicon carbide (SiC) Hi-Nicalon fibres, selected
for their outstanding high-temperature performance and their ability to overcome the oxidation
limitations typical of conventional SiC fibres. The second CMC (denoted in the text as Material 2)
retains the same matrix and fibre composition but introduces a Pyrocarbon (PyC) interphase. This
addition significantly enhances the composite’s overall resilience and mechanical performance.

The two materials are characterised both numerically, using statistical methods, and experi-
mentally. In both cases, the fibre volume fraction is approximately Vr ~ 12 %. The fibres exhibit a
length range from a minimum of Lyj, = 24.41 pm to a maximum of L,y = 2272 pum, while their
diameters vary between tpi, = 8.500 pm and . = 53.30 pm. Based on statistical distributions,
the average fibre length and diameter are determined to be l,y; = 152.0 pm and t,y, = 16.67 um,
respectively.

Table 1 presents the mechanical properties of the constituents, as reported in (Legerstee 2022).
The material properties of the composite are obtained applying the Voigt rule, and depend on the
volume fraction. Notably, for the interphase, while the values of o, and K, are experimentally
determined for the PyC material, the Young’s modulus provided in (Legerstee 2022) corresponds
to that of BN, due to confidentiality reasons. For the sake of consistency, this same value is
adopted in the present analysis. Notice that the interface between the interphase, the fibre and
the matrix is considered strong.

Mechanical properties of the constituents of Constituents E [GPa] o, [MPa] K. [MPavm]

the composite material under study, see (Leg- Fibre 420 1222 1.74

erstee 2022). Interphase 20 107 0.35
Matrix 359 200 2.42

It is worth noting that in (Legerstee 2022), a study on the sensitivity of the elastic properties
in the three spatial directions is conducted, concluding that the differences are not significant,
and thus considering anisotropy is not necessary for this material.

The fracture toughness of the composite is estimated in (Legerstee 2022) using an analytical
approximation based on Linear Elastic Fracture Mechanics (LEFM) and experimentally determined
through Digital Image Correlation (DIC). In the first one, a shape factor f(a/W) is used,

Kigem = f (%) ocVra, (6)

where a and W are the notch and the specimen width, respectively, see Figure 2. The tensile
strength o, of the composite is obtained considering the critical force of the test P,:

_ 3Pc(Le - Li)

Oc = 2eW? (7)

being e the thickness of the specimen, and L., L; the position of the boundary conditions, see

Journal of Theoretical, Computational and Applied Mechanics } February 2026 | jtcam.episciences.org

419


https://jtcam.episciences.org

S. JIMENEZ-ALFARO et al. Numerical estimation and optimization of the fracture toughness in short-fibre CMC

Figure 2. The shape factor is defined as

a 11215 [5 5 a 1/a\2 [a\2 a\® a 6.1342+;
flo) === a2 s (o) +5 () (1= o)+ exp [-——a )| ®
w |8 12w 8\w w w!w 1- &
(1-1%) w
The second methodology is based on the well-known Williams “s expansion in (Williams 1952),
that defines the elastic solution u(r, 8) = K;r*>u;(0) in the neighbourhood of the Mode I crack
tip. The DIC technique is applied to obtain the displacement field at the moment of failure, and

therefore K, = Kj. The results are presented in Table 2.

Table 2  Fracture toughness obtained in the Fracture Toughness ~ KYEFM [MPayvm]  KPIC [MPavim]
composite, as reported in (Legerstee Material 1 280 - 3.45 350 - 4.40
2022).
) Material 2 3.87 - 4.25 5.20 - 6.32

Additionally, the fibre orientation study presented in (Legerstee 2022) reveals that most fibres
are aligned within the same plane. This alignment enables the definition of an equivalent 2D
problem, akin to the approaches described in (Jiménez-Alfaro and Leguillon 2022; Jiménez-Alfaro
and Leguillon 2023).

3.2 Model description to estimate the fracture toughness

The problem addressed in this paper, as illustrated in Figure 2, is inspired by the computational
tool developed in (Jiménez-Alfaro and Leguillon 2022; Jiménez-Alfaro and Leguillon 2023). It
consists of a 3-point bending test with a pre-existing crack, I, subjected to Mode I loading
conditions. At the crack tip, a fibre is positioned perpendicularly to the crack. The fracture
toughness is estimated by studying the crack propagation of I, considering two possible scenarios:
the crack may either penetrate the fibre or deviate along the interface if the first material described
in Section 3.1 is considered, or follow the interphase path if the second material is analysed.

To determine this, the CC approach is applied, which requires the elastic solution U (x1, x3) in
the vicinity of the crack tip. An estimation of this solution is obtained using the quasi-analytical
Matched Asymptotics (MA) technique, which is extensively described in (Jiménez-Alfaro et al.
2025). This approach is particularly useful in minimizing numerical errors that may arise when
employing very small elements near perturbations. Additionally, it helps reduce the computational
complexity of problems involving features such as platelet reinforcements embedded in brittle
matrices (Jiménez-Alfaro and Leguillon 2022; Jiménez-Alfaro and Leguillon 2023).

< >
<+— >

s ‘L‘ I

T

w

a
I'e
COMatrix B Fibre EComposite
L.

T2

Figure 2 Problem being solved: a 3-point bending test with a pre-existing crack, I, interacting with a perpendicular

short fibre.

In the MAE, the solution U (x1, x2) in the vicinity of the tip of I, can be approximated by an
inner and an outer expansion. In the outer expansion

U (x1, x2) = Uy(x1, x2) + small perturbation, (9)
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where Uy (x1, x2) is the solution of the same elastic problem as the one indicated in Figure 2, but
assuming that the influence of the short fibre located at the tip of I}, is negligible. Hence, the
solution can be described by the William’s expansion explained in (Williams 1952) that in polar
coordinates (r, 8) is written as

Us(x1, x2) = Up(0,0) + KiVrUi(0) + ... (10)

Kj being the stress intensity factor and Uj(6), the opening shape function for a crack under Mode
I, see (Jiménez-Alfaro et al. 2025) for more details.

In the inner expansion, the solution is expressed through a change of variable, where the
primary dimensions of the domain are non-dimensionalized by one of the characteristic lengths
of the problem. This ensures that the dimensions of the specimen are significantly larger than the
selected length scale. In this study, two main parameters are considered: the length (I) and the
diameter (t) of the fibre. Hence, the change of variable can be x; = ly; or x; = ty;, respectively. If
the problem depicted in Figure 2 is modified by this change of variable, an unbounded domain,
Q;n, is obtained, under the condition that the dimensions [ and ¢ are much smaller than the
specimen’s overall dimensions. In this paper, two possible configurations of the inner domain are
considered: the one proposed in (Jiménez-Alfaro and Leguillon 2022), shown in Figure 3, and a
new configuration that incorporates the effect of the interaction between fibres, as illustrated in

Figure 4.
Figure 3 Inner domain with a single fibre. Initial a
undeformed shape. .
- J .
b1
\
i ,
Le

Qin

O Matrix B Fibre [JInterphase

[0 Homogenized material

In Figure 3, the parameter € represents the thickness of the interphase, e, normalised by the
characteristic dimension of the fibre used in the non-dimensionalisation of the inner domain,
either [ or t. The three geometric parameters /, e, and t are related through a shape factor,
fe= % It is important to note that if the first material is considered, there is no interphase in
the composite material, and thus e = 0, see Section 3.1. In the proposed model, it is assumed
that around the fibre there exists a region of a certain size, free of fibres, and composed solely
of the matrix. The size of this region is defined by the fibre volume fraction, V, as explained
in (Jiménez-Alfaro and Leguillon 2023). For instance, when the change of variable is performed
using the fibre diameter, ¢, the dimensions of this region are

1
7 a = —. (11)

t
RN AN

The model shown in Figure 4 considers the effect of fibres in proximity to the preexisting crack I,
enabling the study of potential interactions between fibres by modifying the separation distance.
Two new parameters are introduced: ﬁl and fzt, which represent the horizontal and vertical
distances between fibres, respectively. The geometric parameters d; and d; in Figure 4 are defined
as

4 =30+ 2h; + 66, a; =3+ 2h; + 6. (12)
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Figure 4 Inner domain with multiple fibres. Initial undeformed shape.

Some restrictions are naturally deduced from the model

a >0 and d; >0, (13)

ifﬁlﬁt >0 then le, ﬁt > 0, (14)

51F = Veaay, (15)

G -21-66>0 and @&, —2f—66>0. (16)

The first restriction, as shown in Equation (13), ensures that the dimensions d; and a; are always
positive. The second restriction, expressed in Equation (14), stipulates that one fibre cannot
penetrate another in the model. Equation (15) simply reiterates that the definition of the fibre
volume fraction must be satisfied. Finally, the last condition, given in Equation (16), is applied to
prevent fibres from overlapping in the geometry. It is important to note that these restrictions
alone are not sufficient to yield a unique solution for the geometry of the problem, as  and I
remain free parameters. Consequently, we select these two parameters in such a way that they
minimise the surface area of the multi-fibre model, which is defined as

S(hy, hy) = arar = (31 + 2h, + 66). (17)

Although we use this hypothesis, at the end of this section we will change it to study the influence
of le and ﬁt.

As an example, the development of the inner expansion is written below considering the length
of the fibre as the characteristic length in the adimensionalization, but a similar development can
be obtained with the diameter of the fibre. The inner expansion is therefore defined as

U(x1,x2) = U(ly, lyz) = Fo(DVo(y1, y2) + Fi(DVi(y1, y2) + - - (18)

The terms of Equation (18), and consequently the elastic solution in the vicinity of the pre-existing
crack tip, I, are derived by relating the outer and inner expansions in a common region where
both approximations accurately represent the actual solution. In that region, the so-called
matching conditions are applied,
Fo(DVo(y1,y2) = U(0,0), when p — oo, (19)
Fu(DVi(ys,y2) ~ Kil*p'u(0),  when p — oo, (20)

where p = \/y? + y5 and ~ means “behave like”. Hence, it can be set

Fo(l) =1, Vo(yr,y2) = U(0,0), when p — oo, (21)
Fi(l) =K%, Vi(yi,y2) ~ p*u(6), whenp — oo, (22)
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Figure 5

The expression in Equation (18) is a good approximation of the real solution U (xy, x2) in the
vicinity of the crack tip. To obtain the solution V;(y1, y2), the finite element method is applied in
a circular domain whose dimensions are much larger (in this case, R = 400 pm) than those of the
internal domain described in Figures 3 and 4. The element size in the vicinity of the pre-existing
crack tip I, is sufficiently small to ensure numerical convergence, with a size of 0.008 um. On the
boundary of the domain, a prescribed displacement is applied as a boundary condition, as shown
in Figure 5.

Schematic of the numerical

roblem. uy (6 T
probl IO \ ! P

Option 1: single fibre v\ /
Qin

Y1

P 4
Y2 —>
~

I'e \\ ~a

AN
-—
a—
a
r'd

//'/ L\\

Once the elastic solution is obtained, the two CC conditions, summarised in Equations (1)
and (5), are applied, yielding

\ﬁO’c(§)

o(s) ’

Ki(s) >

Ki(s) >

The apparent fracture toughness of the composite, denoted as ng P corresponds to the mini-
mum value of Kj(s) that satisfies both conditions of the Coupled Criterion, as summarised in

Equations (23) and (24). In Equation (23), the tensile stress o($) is obtained as

1

o(8) = i

VyVi(y1, y2) (25)
if the inner domain is built considering the length of the fibre [ or
R 1
o($) = %Vy‘/l(ylayz) (26)

if the inner domain is built considering the diameter of the fibre ¢. The term V is the gradient
operator with respect to the variables yy, y,. As explained in (Jiménez-Alfaro and Leguillon 2022),
the increment in potential energy AIl, is the one directly obtained from the inner problem of
solution Vi (y1, y2).

Finally, note that the problem is solved under the assumption of plane strain elasticity to
estimate fracture toughness. While this simplification offers practical advantages, it may not fully
capture the complexities of the real material. Given that the fibres have a round cross-section, their
thickness in the perpendicular direction is considerably smaller than their length, introducing
limitations to the model’s representativeness. Consequently, certain phenomena, such as crack
propagation around the fibres, cannot be accurately represented. Nevertheless, despite these
constraints, the model provides a reliable first estimate of fracture toughness that aligns well with
experimental data, as will be demonstrated in this section.
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4

4.1

Figure 6

Results and discussions

This section presents the key results obtained from the application of the numerical tool described
in Section 3.2 considering the material outlined in Section 3.1. The effect of various geometric
parameters of the composite is analysed. Section 4.1 explores the influence of fibre size, proposing
a configuration that optimises the fracture toughness of the composite. Section 4.2 investigates
the impact of fibre volume fraction, as well as the changes in fracture properties that may
arise from including or excluding an intermediate interface between the fibre and the matrix.
Additionally, the effect of fibre spacing on fracture toughness is examined. Finally, Section 4.3
compares the two models proposed in Section 3.2, the single-fibre model and the multi-fibre
model, with results compared to existing experimental data in the literature in Section 4.4.

Influence of the size of the fibre

In this section, we examine the influence of two variables: the length / and the diameter ¢ of the
fibre. The analysis is conducted for Material 2, as described in Section 3.1, using the multi-fibres
model detailed in Figure 4. Only two possible paths for the propagation of the pre-existing crack,
I, are analysed, as outlined in Section 3.2: crack penetration into the fibre, and lateral deflection
through the interphase. Examples of the two crack paths are represented below in Figures 10
and 12. These are referred to as toughening mechanisms, as they are expected to enhance the
fracture toughness of the composite compared to that of the matrix alone. The predominant
mechanism — i.e., the one that governs crack propagation — will be the one associated with the
lowest calculated value of the apparent fracture toughness ng P,

Figure 6 shows the evolution of the apparent fracture toughness, KIan P with respect to t,
where the chosen range ¢ = 3 pm to 54 pm is based on the data provided in Section 3.1. For very
thin fibres, it can be observed that penetration governs the failure, whereas for thicker fibres, the
predominant mechanism is deflection. This suggests that when the fibre is thicker, the interphase
acts as a mechanical fuse, causing the crack to deflect through the interphase. Note that a
lower ng P is directly associated with a lower failure load, and therefore, the dominant failure
mechanism is the one with the lowest KIanp. The transition from penetration to deflection occurs
for t in the range 15 pm to 25 um. This explains the experimental observations of fibre deflection
when the interphase is present, as the fibre diameter is sufficiently large to favour this mechanism
(see (Legerstee 2022)). Furthermore, a larger fibre diameter results in a higher fracture toughness
for the composite, with the maximum enhancement of ng P = 1.38K;¢ occurring at ¢ = 54 pm
(the maximum diameter in the range considered), corresponding to Kfcpp = 3.34 MPay/m.

18417 Penetration
—— Deflection
1.6 A
g2
<]
=5 14
&
1.21
1.0 1

0 10 20 30 40 50
t [pm]

Effect of the fibre diameter ¢ on the apparent fracture toughness of the composite KIan P for a fibre volume
fraction Vy = 10% and a fibre length [ = 152 pm.

On the other hand, Figures 7 and 8 show the evolution of ng P with respect to the fibre
length, [, for two different diameters: t = t,yg = 16.67 pm and ¢ = 25 um. The range selected for [
is based on the data provided in Section 3.1. First, it can be observed that [ does not change the
predominant mechanism, which remains penetration for t = t,, = 16.67 um and deflection for
t = 25 um. Therefore, it can be concluded that the predominant mechanism mainly depends on
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the fibre diameter. However, [ does influence the apparent fracture toughness, with higher values
observed when [ ~ t. Moreover, Figures 7 and 8 show that for very long fibres, the influence of /
on ngp is significantly reduced. Interestingly, in the case of t = 25 pm, the apparent fracture
toughness for penetration and deflection mechanisms becomes quite similar when considering
very short fibres. It is worth noting that the slight non-monotonic variation of K" is due to the
reduced scale of the plot and remains below 3 %, likely caused by minor numerical fluctuations.

Penetration

—— Deflection

0 250 500 750 1000
[ [pm]

Figure 7 Effect of the fibre length [ on the apparent fracture toughness of the composite Kfcpp for a fibre volume

fraction Vr = 10 % and a fibre diameter t = 16.67 pm.
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20 1.40 4
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1.25
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[ [pm]

Figure 8 Effect of the length of the fibre [ on the apparent fracture toughness of the composite Klacp P for a volume

fraction of fibres Vy = 10 % and a thickness of the fibre ¢ = 25 pm.

In conclusion, the fibre diameter plays a major role in determining the predominant toughening
mechanism observed in the composite, although both / and ¢ influence KIanp , which increases
when [ is close to t. Consequently, square fibres represent the most effective configuration for
increasing Kfcpp . When | ~ t, they become more robust and resistant to penetration, resulting in
the highest values of ng P For this reason, Figure 9 represents the evolution of ng P with respect
to the fibre size for t = I. First, it can be observed that ngp increases with increasing I. Moreover,
for small fibres, the predominant mechanism is penetration, whereas for larger fibres, the crack
may deflect through the interphase. It is also evident that ng P becomes independent of ¢ for very
small fibres in the deflection mechanism. This is because the energy condition of the Coupled
Criterion (CC), which does not depend on the fibre size, governs the failure. An example is
shown in Figures 11(a) and 12(a), where the CC point is governed by the minimum of the energy
condition for a small fibre and the cross point between the stress and the energy condition for a
large fibre.

To illustrate the case of deflection for small fibre lengths, an example of the application of the
CC in these cases is shown in Figure 10, where the curves of the energy and stress conditions are
presented, along with the deformed shape after failure. Note that the crack increment (referred to
as the nucleation length in the framework of Finite Fracture Mechanics) is shorter than the
length of the interphase, explaining why the crack is arrested before reaching the fibre corner.
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Figure 9

Figure 10

4.2

—— Penetration

—— Deflection

0 50 100 150 200 250
[ [pm]

Effect of the fibre length and diameter on the apparent fracture toughness of the composite KIan P for a fibre
volume fraction Vy = 10% when [ = ¢.

2.5 1

2.0
S
1.5
\H /
8 0 w
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0.51 — Stress condition
Energy condition
0 2 4 6 8 [OMatrix M Fibre [J Interphase
S [,um] [ Homogenized material
(a) Stress and energy conditions in the Coupled Criterion. (b) Deformed shape after crack nucleation.

Application of the Coupled Criterion for the case of deflection in the optimal configuration [ = ¢, for the
volume fraction of fibres Vi = 10%, and ] =t =8um.

If t > 25 um in Figure 9, the apparent fracture toughness of the composite, K?g P begins to
increase with growing ¢ in both the deflection and penetration cases. Both situations correspond
to conventional cases, where the CC point is the intersection of the energy condition and the
stress condition, as shown in Figures 11 and 12 for deflection and penetration, respectively.
Notice that, due to the small newly created crack length, we have represented only the vicinity of

one fibre in the deformed shape, although the multi-fibre model has been applied.

Influence of other design parameters

In this section, the influence of other design parameters is studied, such as the fibre volume
fraction, the interface effect, and the distance between fibres. The Material 2 and the multi-fibre
model are used unless otherwise stated. Throughout this section, a fibre with t =1 = 17 pm is
considered as the object of study. First, Figure 13 illustrates the influence of V; on Klaé’p. The
values V¢ = 5, 10, and 20% correspond to the range obtained statistically in (Legerstee 2022). In
addition, the value Vy = 40% has been proposed to study the effect of saturating the composite
with more fibres, although it is purely a numerical model, as it is unknown whether such a high
fibre volume fraction is feasible in practice. For Vi = 5% — 20%, there is little variation in ng P
with a maximum increase with respect to K& of 35% for penetration and 49% for deflection.
However, when considering a higher fibre volume fraction, such as Vi = 40%, the fracture
toughness of the composite increases 46% for penetration and 52% for deflection with respect to

The reason of the high volume fraction effect can be explained by the Figure 14 illustrating the
geometry of the multi-fibre model for different values of Vy. As the volume fraction increases, the
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—— Energy condition
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(a) Stress and energy conditions in the Coupled Criterion. (b) Deformed shape after crack nucleation.

Figure 11 Application of the Coupled Criterion for the case of deflection in the optimal configuration I = ¢, for a fibre
volume fraction Vy = 10%, and [ = t = 100 pm.
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(a) Stress and energy conditions in the Coupled Criterion. (b) Deformed shape after crack nucleation.

Figure 12 Application of the Coupled Criterion for the case of penetration in the optimal configuration [ = ¢, for a
fibre volume fraction Vy = 10%, and [ = ¢ = 100 pm.
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Figure 13  Effect of the fibre volume fraction V; on the apparent fracture toughness of the composite Klagp for
t=1=16.67 um.

distance between the fibres decreases, that can make extra interactions between fibres allowing
higher fracture toughness.

The influence of the interphase in the composite is studied and depicted in Figure 15, where
the apparent fracture toughness of the composite, K%’ P is shown as a function of the fibre
diameter t for both penetration and deflection when Material 1 is considered, i.e., when a strong

interface between the matrix and the fibre is present. It can be observed that Klag P in the case
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[ Homogenized material []Interphase ] Homogenized material [[JInterphas: O Homogenized material CJInterphase

[ Matrix W Fibre [OMatrix  [lFibre O Matrix B Fibre
(a) Vr =5%. (b) V¢ = 20%. (c) Vr = 40%.

Figure 14 Geometries of the multi-fibre model for different fibre volume fraction values.

of deflection increases significantly compared to the case where the interphase is included,
making penetration the predominant mechanism, regardless of the fibre diameter. This explains
the experimental observation that when the interphase is removed, penetration becomes the
dominant damage mechanism, regardless of fibre size, see (Legerstee 2022).

2.25 1
2.00 1
& 175
Bo
&H 1.50 1
1.25 1
. Penetration
1.00 —— Deflection
0 10 20 30 40 50

t [pm]

Figure 15 Effect of the fibre diameter ¢ on the apparent fracture toughness of the composite, Klaé) P for a fibre volume

fraction of V¢ = 10% and a fibre length of I = 152 pm, considering no interphase.

Figure 16 shows Klacp P for the cases with (Material 2) and without interphase (Material 1).
For small-diameter fibres, where the predominant mechanism is penetration, there is no difference
between the interphase and non-interphase cases. However, for larger fibre diameters, Klag P is
greater in the non-interphase case because the interphase causes a crack propagation by deflection
easier. Note that this observation appears to contradict experimental measurements from
(Legerstee 2022), as shown in Table 2. This is because the measurement of KIan P in experiments is
based on the total failure of the structure, which is related to crack propagation until complete
failure occurs. When the interphase between the fibre and matrix is included, the crack meanders
and delays the moment of total failure, thereby increasing the overall load. This effect cannot be
captured by our numerical tool, which only measures the interaction between the crack and a
single fibre as a necessary criterion for initiation of the crack propagation.

4.3 Multiple versus single fibre model

In Figures 17 and 19, KI%) P is shown as a function of ¢ for both the multi-fibre and single-fibre
models, for two different values of Vy = 10% and 40%, considering only the deflection case (similar
conclusions are obtained for the penetration case, but these have been omitted for simplicity). For
Vr = 40%, the maximum difference reaches 4.15%, which is greater than for V; = 10%, where the
maximum difference is 1.5%. In other words, the larger the volume fraction, the greater the
difference between the two models, although the difference remains relatively small. As observed
in Figure 17, the distinction between the multi fibres and single fibre models becomes significant

Journal of Theoretical, Computational and Applied Mechanics | February 2026 | jtcam.episciences.org 13 | 19


https://jtcam.episciences.org

S. JIMENEZ-ALFARO et al. Numerical estimation and optimization of the fracture toughness in short-fibre CMC

1.84 — No interphase

—— Interphase

1.6 1
=9
=
Bg 14
N

1.2

1.0

0 10 20 30 40 50
t [pm]

Figure 16 Comparison of Ki'* with respect to ¢ with and without the interphase for Vy = 10% and [ = t.

for smaller fibre sizes, where the influence of neighbouring fibres - accounted for only in the
multi-fibre model - is increasingly more pronounced.

1.40 A
—— Single fiber

— Multiple fibers

0 10 20 30 40 50
t [pm]

Figure 17 Comparison between the single- and the multi-fibre model in the deflection case, for [ = [,y = 152 pm.
Case of Vr = 10%.

200
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O <
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Figure 18 Evolution of distances h; and h; for | = l,y; = 152 pm. Case of Vy = 10%.

In general, the difference between the multi-fibre model and the single-fibre model will be
greater when the neighbouring fibres have a more significant effect on the central fibre, which is
the one directly interacting with the crack. For the same VF, a smaller distance between fibres in
the multi-fibre model (h; and h;) will increase the influence of the neighbouring fibres, thus
amplifying the difference between the two models. This is clearly illustrated in Figure 18, for
Vr =10% and [ = 152 pm, where h; and h; are reduced for smaller values of t. The maximum
difference between the models is observed in this region of smaller ¢.

However, this is not observed in Figure 19, where it can be seen that the difference between
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the two models increases with growing t for Vy = 40%. Looking at Figure 20, where h; and h; are
represented, it is observed that although the distance h; increases as t increases, the distance h;
remains almost constant except for the last point where it is slightly higher. This varies aspect
ratio between the two distances representing variations of fibre stacking. Additionally, h; is
zero. For this reason, the difference between the two models may be motivated by the distance
between the fibres and their stacking format of fibres, which will be more pronounced if we
consider more fibres.

Finally, in Figure 21, the influence of the distance h; is analysed. Previously, we used
the minimisation of surface area as a criterion to calculate h; and h; in the heterogeneous
microstructure of the inner domain. However, this criterion lacks a physical explanation and may
not be representative. For this reason, the influence of the distance between fibres is studied by
selecting a wide range of h; values and defining h, so that the constraints in Equations (13) to (16)
are satisfied. It is observed that for negative values of this distance, which would imply that fibres
are interleaved in the microstructure, there is a jump in the fracture toughness. The improvement
in fracture toughness due to an interleaved fibre structure is not surprising. For instance, in
construction, brick structures often utilise a technique known as “stretcher bond”, where the
bricks are interleaved to prevent the joints from aligning, thereby enhancing the strength of the
wall. It is important to note that this effect can only be observed when considering a multi-fibre
model and not with the previously presented single fibre model.

— Multiple fibers

1401 —— Single fiber

m
IC

1.35 1

‘«1]!])/1{

K,

C

1.30 A

0 10 20 30 40 50
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Figure 19 Comparison between the single fibre and the multi-fibre model in the deflection case, for [ = l,y; = 152 pm.

Figure 20

Case of V§ = 40%.

—— Ry [um]
| —— My [pm]

10 4

at
)
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Evolution of distances h; and h; for I = Iy, = 152 um. Case of Vy = 40%.

Two examples of the geometries obtained for h; > 0 and h; > 0 are shown in Figures 22
and 23. The parameter h, is obtained to fulfil the geometrical restrictions in Equations (13) to (16).
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Figure 21 Influence of the distance between fibres h; on the apparent fracture toughness of the composite Klag P for
Vr =10% and [ = t = 17 ym, considering the interphase (Material 2). .

Figure 22 Fibre distribution in the inner domain with h; > 0.

Figure 23  Fibre distribution in the
inner domain with hA; < 0.

4.4 Comparison to experiments

Finally, it is challenging to validate this model through a precise comparison with the experimental
results shown in Table 2, as the specimens contain fibres of various sizes and aspect ratios.
Nevertheless, the range numerically estimated for ng P considering the average Lyg, Vy = 10%,
and t = 3—54 um, is Klagp = [2.34—4.50] MPay/m with the interphase, KIaLCpp = [2.34—3.34] MPay/m
without the interphase. The results are similar to the range obtained experimentally without
an interphase, Klagp = [2.80 — 4.40]MPa+/m, although it differs more from the range obtained
in (Legerstee 2022) with the interphase, ngp = [3.87 — 6.32]MPay/m. This discrepancy may be
attributed to several factors, including the fact that dynamic effects of the interface were not
considered here in our numerical approach, and some of the mechanical properties used for the
interphase were those of BN instead of PyC, which is the material used in the experiments. As
mentioned in Section 3.1, the properties of BN are the ones mentioned in (Legerstee 2022) to
describe the interphase for confidential reasons. Moreover, 3D effects and stochastic features
(fibre orientation, materials properties, defects) may lead to quantitative discrepancies. It is
important to highlight that only crack initiation from the pre-existing crack is considered here,
not the crack propagation across a distance larger to crack initiation length.

However, qualitative conclusions obtained in experiments are also observed using this
computational tool. When considering the interphase, a very small diameter of the fibre results
in lower K.2¥, and the failure mechanism is penetration. However, when fibres have larger

Ic »
t, they are more robust and difficult to penetrate, resulting in higher Klagp, and the failure
mechanism is deflection, allowing the interface to act as a mechanical fuse. This would explain
why experimental observations show fibre deflection when an interphase is present, since

the diameter used is sufficiently large to favor this mechanism, according to our numerical
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estimations. In case of the system without interface, penetration becomes the dominant damage
mechanism, regardless of fibre size. This numerical result is also confirmed experimentally.

Note that, unlike the penetration mechanism, the deflection mechanism causes a much longer
crack propagation path, which requires additional energy for the increasing path to failure.
Consequently, this must be taken into account for an accurate estimation of K> based on the
deflection mechanism. However, our current numerical model is not yet able to consider this
effect. This could be the main reason for the small discrepancy observed without an interphase
and the larger discrepancy with an interface between the numerical estimations and experimental
results.

5 Conclusions

In this paper, a computational tool for estimating fracture toughness in short-fibre ceramic matrix
composites has been developed and applied to an industrial composite material. The following
key findings are highlighted:

« The fracture toughness estimated by the computational tool was thoroughly validated by
comparing them with experimental data, both qualitatively and quantitatively.

« The fibre volume fraction effect on the KI%OP can be negligible when lower values up to Vy = 20%,
are considered, while a very high value of volume fraction, such as V¢ = 40%, increases the Klaé) P
significantly. It is because of the effect of interactions between fibres.

o+ The predominant failure mechanism is primarily influenced by the presence of the interphase
and the fibre size. When the interphase is present, smaller fibre diameters result in lower Kfcp P
with penetration being the dominant failure mechanism. In contrast, larger fibre diameters
promote fibre deflection, allowing the interphase to act as a mechanical fuse, which is same as
experimental observation. Conversely, when the interphase is removed, penetration becomes the
dominant damage mechanism, regardless of fibre size, as observed experimentally. Notice that
this computational tool could be used to determine the properties of the interphase that govern
the competition between penetration and deflection.

+ There is not a significant difference between the multi-fibre and the single fibre model if there is
no change of fibre stacking represented by the ratio between the two distances between fibres, h;
and h;. That is why, for general estimations, the use of the single fibre model is proposed as it has
a lower computational complexity. For the same level of refinement, it requires approximately
half of the number of elements.

« Square fibres represent the most effective configuration for increasing Klagp. When [ = t, they
become more robust and resistant to penetration, resulting in the highest values of KIaCP P Ttis
important to note that the spatial distribution of fibres, and therefore the statistical probability of
the crack encountering a fibre, has not been included in this analysis. The optimal configuration
could change if this effect is considered. Moreover, an additional condition should be considered to
ensure that the crack does not propagate exclusively through the matrix. This can be addressed by
imposing that the probability of a crack encountering a fibre is greater than 50%, i.e., 3'/d; > 0.5.

« Additionally, the intercalation of fibres also has an effect on ng P which can increase approximately
4%.

« Finally, no initial stress field is considered, which is likely to originate from the processing, e.g.,
residual stresses. This could be included in the model as a future work. An example is shown
in (Jiménez-Alfaro and Leguillon 2023).

A Appendix

Two distinct numerical simulations are required. The first is used to compute the tensile stress
field that defines the stress state in the CC, and it is performed on a configuration prior to
any crack nucleation (i.e., only including the pre-existing crack within the inner domain).
Subsequently, a series of simulations are carried out to evaluate the increment in potential energy
for various crack lengths. This is done by progressively releasing nodes along the crack path and
calculating the difference in potential energy between the cracked and uncracked configurations.
The same finite element mesh is employed for both the initial undamaged simulation and all
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Figure A.1

subsequent cracked simulations, ensuring numerical consistency throughout. The resulting
potential energy increment is then used to define the energy-based fracture criterion. The mesh
crack size in the interphase is 0.003 pm, whereas in the fibre is 0.005 um. In the matrix the mesh
size next to the tip of the pre-existing crack is 0.007 pm. In the outer bound of the boundary, see
Figure 5 the mesh size is around 37 pm. Although the mesh gradient is huge, the domain has also
a big size, so the transition is smooth, see Figure A.1 for a example where Vy = 30%, and the
aspect ratio between the length and the diameter of the fibre is 15.
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